Introduction {#Sec1}
============

The genealogies of samples from populations with highly variant offspring numbers, for instance due to sweepstake reproduction or rapid selection, are not well modelled by Kingman's *n*-coalescent. As a more realistic alternative, multiple-merger coalescents, especially $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-coalescents have been proposed, as reviewed in Tellier and Lemaire ([@CR36]), Irwin et al. ([@CR16]) and Eldon et al. ([@CR9]). $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescents, introduced by Pitman ([@CR28]), Sagitov ([@CR30]), Donnelly and Kurtz ([@CR6]), are Markovian processes $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varPi _t)_{t\ge 0}$$\end{document}$, which describe the genealogy of a set of individuals $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,\ldots ,n\}$$\end{document}$. This is done by representing the ancestral lineages present at time *t* of these individuals by the sets of offspring of each ancestral lineage in the sample. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPi _t)_{t\ge 0}$$\end{document}$ can be defined as a random process with states in the set of partitions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,\ldots ,n\}$$\end{document}$ and transitions via merging of blocks (i.e. merging of ancestral lineages to a common ancestor). For a $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent, the infinitesimal rates of any merger of *k* of *b* present lineages is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{b,k}:=\int _0^1 x^{k-2}(1-x)^{b-k}\varLambda (dx)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ is a finite measure on \[0, 1\]. This includes Kingman's *n*-coalescent if $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$ is the Dirac measure in 0.

As in the case of Kingman's *n*-coalescent being the limit genealogy from samples taken from a discrete Wright--Fisher or Moran model, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescents can be constructed as the (weak) limit of genealogies from samples of size *n* taken from Cannings models. The limit is reached as population size *N* goes to infinity and time is rescaled, see Möhle and Sagitov ([@CR26]). Time is rescaled by using $\documentclass[12pt]{minimal}
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                \begin{document}$$[c^{-1}_N]$$\end{document}$ generations in the discrete model as one unit of evolutionary (coalescent) time in the limit, where $\documentclass[12pt]{minimal}
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                \begin{document}$$c_N$$\end{document}$ is the probability that two individuals picked in a generation have the same parent one generation before. In the discrete models, the population size *N* is fixed across all generations.

Only populations in an equilibrium state are described well by models with fixed population sizes. This idealized condition often does not apply to natural populations. In particular, due to fluctuating environmental conditions population sizes are expected to fluctuate likewise. Two standard models of population size changes are timespans of exponential growth or decline, as well as population bottlenecks, where population size drops to a fixed size smaller than *N* for a timespan on the evolutionary (coalescent) timescale. Such changes are featured in coalescent simulators as ms (Hudson [@CR14]) or msprime (Kelleher et al. [@CR19]). The latter changes are also the model of population size changes in PSMC (Li and Durbin [@CR22]) or similar approaches as SMC++ (Terhorst et al. [@CR37]). For the Wright--Fisher model, which converges to Kingman's *n*-coalescent if population size *N* is fixed for all generations, the same scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$c_N^{-1}$$\end{document}$ from discrete genealogy to limit is valid for population size changes which maintain a population size of order *N* at all times, see Griffiths and Tavare ([@CR10]) or Kaj and Krone ([@CR17]). The resulting limit process is Kingman's *n*-coalescent, whose timescale is (non-linearly) transformed. However, size changes too extreme can yield a non-bifurcating (multiple merger) genealogy, see Birkner et al. ([@CR2], Sect. 6.1).
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescents, the link between fluctuating population sizes in the discrete models and the time-change in the coalescent limit is somewhat less established. While conditions for convergence of the discrete genealogies to a limit process are given in Möhle ([@CR25]), no explicit construction of haploid Cannings models leading to an analogous limit, a $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent with changed time scale, is given. For a specific case, the Dirac *n*-coalescent for an exponentially growing population, such a construction has been given in Matuszewski et al. ([@CR23]), based on the fixed-*N* Cannings model (modified Moran model) from Eldon and Wakeley ([@CR8]). However, also other $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescents (or Cannings models which should converge to these) with changed time scale have been recently discussed and applied as models of genealogies, see Spence et al. ([@CR34]), Kato et al. ([@CR18]), Alter and Louzoun ([@CR1]) and Hoscheit and Pybus ([@CR13]). This leads to the goal of this article, which is to extend the approach in Matuszewski et al. ([@CR23]) to explicitly give a construction of time-changed $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-coalescents as limits of Cannings models with fluctuating population sizes. The Cannings models used are modified Moran models, see e.g. Huillet and Möhle ([@CR15]), and the Cannings models introduced in Schweinsberg ([@CR31]). The main tool to establish the convergence to the time-changed $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent is, as in Matuszewski et al. ([@CR23]), applying Möhle ([@CR25], Thm. 2.2).

For diploid Cannings models, the umbrella model from Koskela and Wilke Berenguer ([@CR20]) gives a general framework to add population size changes, selection, recombination and population structure to the fixed-*N*-model. There, if one only considers population size changes, the limit is a time-changed $\documentclass[12pt]{minimal}
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                \begin{document}$$\varXi $$\end{document}$-*n*-coalescent, a coalescent process with simultaneous multiple mergers. The focus in the present paper is slightly different though, the aim is to explicitly construct Cannings models that converge, after linear time scaling, to a time-changed $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent, while Koskela and Wilke Berenguer ([@CR20]) concentrates on the convergence itself.

Models and main results {#Sec2}
=======================

Cannings models (Cannings [@CR3], [@CR4]) describe the probabilistic structure of the pedigree (offspring-parent relations) of a finite population in generations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in {\mathbb {Z}}=\{\ldots ,-2,-1,0,1,2\ldots \}$$\end{document}$ with integer-valued population sizes $\documentclass[12pt]{minimal}
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                \begin{document}$$(N_v)_{v\in {\mathbb {Z}}}$$\end{document}$. The $\documentclass[12pt]{minimal}
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                \begin{document}$$N_v$$\end{document}$ individuals in generation *v* produce $\documentclass[12pt]{minimal}
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                \begin{document}$$(\nu ^{(v)}_1,\ldots ,\nu ^{(v)}_{N_v})$$\end{document}$ offspring, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{i=1}^{N_v}\nu ^{(v)}_i=N_{v+1}$$\end{document}$ and offspring sizes are exchangeable, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$(\nu ^{(v)}_1,\ldots ,\nu ^{(v)}_{N_v}) {\mathop {=}\limits ^{d}}(\nu ^{(v)}_{\sigma (1)},\ldots ,\nu ^{(v)}_{\sigma (N_v)})$$\end{document}$ for any permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma \in S_{N_v}$$\end{document}$. The offspring generation $\documentclass[12pt]{minimal}
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                \begin{document}$$v+1$$\end{document}$ then consists of these individuals in arbitrary order (independent of the parents). The case $\documentclass[12pt]{minimal}
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                \begin{document}$$N_v=N$$\end{document}$ for all *v* is denoted as the fixed-*N* case.

From now on, look at the genealogy of the population in generation 0. For convenience, denote the generations in reverse order by $\documentclass[12pt]{minimal}
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                \begin{document}$$r=-v$$\end{document}$, i.e. if one looks *i* generations back, this is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$r=i$$\end{document}$. The population sizes $\documentclass[12pt]{minimal}
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                \begin{document}$$N_r$$\end{document}$ are defined relative to a reference size *N*, in a way that if $\documentclass[12pt]{minimal}
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                \begin{document}$$N\rightarrow \infty $$\end{document}$, also $\documentclass[12pt]{minimal}
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                \begin{document}$$N_r\rightarrow \infty $$\end{document}$. From now on, use $\documentclass[12pt]{minimal}
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                \begin{document}$$N=N_0$$\end{document}$. The goal is to establish a limit process of the discrete genealogies as $\documentclass[12pt]{minimal}
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                \begin{document}$$N\rightarrow \infty $$\end{document}$. The discrete genealogy of a sample of size *n* in generation 0 is a random process $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathcal {R}}^{(N)}_r)_{r\in {\mathbb {N}}_0}$$\end{document}$ with values in the partitions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,\ldots ,n\}$$\end{document}$, where *i*, *j* are in the same block of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}^{(N)}_r$$\end{document}$ iff they share the same ancestor in generation *r*.

The terminology from Möhle ([@CR25]) is used with slight adaptations. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{N,r}$$\end{document}$ be the probability that two arbitrary individuals in generation $\documentclass[12pt]{minimal}
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                \begin{document}$$r-1$$\end{document}$ have the same ancestor in generation *r* in the model with reference population size *N*. To clarify, $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{N,r}$$\end{document}$ is the coalescence probability for individuals in generation $\documentclass[12pt]{minimal}
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                \begin{document}$$c_N$$\end{document}$ denotes the coalescence probability in the fixed-*N* case. Define $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{N}(s)=\sum _{r=1}^{\left[ s\right] }c_{N,r}$$\end{document}$ and let$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal {G}}^{-1}_{N}(t)=\inf \left\{ s>0: F_N(s)>t\right\} -1 \end{aligned}$$\end{document}$$be its shifted pseudo-inverse. For *l* and $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1\ge \cdots \ge a_l$$\end{document}$ individuals each find a common ancestor one generation before (generation *r*), where ancestors of different sets are different. For $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{N,r}=\varPhi ^{(N)}_1(r;2)$$\end{document}$. See Möhle ([@CR24]) for details.

Consider a sequence of fixed-*N* Cannings models for each $\documentclass[12pt]{minimal}
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                \begin{document}$$N\rightarrow \infty $$\end{document}$, see (Möhle and Sagitov [@CR26], Thm. 2.1). We will establish a variant of Möhle ([@CR25], Corollary 2.4) to show convergence of a variety of Cannings models with variable population sizes to (time-changed) $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar6}
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This model can very easily extended to variable population sizes by just sampling from the potential offspring. The tail-heavy distributions used produce, asymptotically as $\documentclass[12pt]{minimal}
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This gives us an alternative Cannings model with variable population sizes to define time-changed Beta coalescents as the limit of its discrete genealogies.

Theorem 3 {#FPar8}
---------
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Corollary 3 {#FPar9}
-----------

For a population size profiles of exponential growth (on the coalescent scale) with growth rate $\documentclass[12pt]{minimal}
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Remark 2 {#FPar10}
--------

It is well-known that for Kingman's *n*-coalescent with exponential growth, waiting times for coalescence events follow a Gompertz distribution, e.g. see Slatkin and Hudson ([@CR33], Eq. 5), Polanski et al. ([@CR29]). For time-changed Dirac coalescents appearing as limits of modified Moran models with $\documentclass[12pt]{minimal}
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Discussion {#Sec3}
==========

As for the Wright--Fisher model, genealogies of samples taken from (haploid) modified Moran and other Cannings models can be approximated by a time-change of their limit coalescent process, when the population sizes of the discrete models are fluctuating, but are always of the same order of size. As for models with fixed population size, time intervals of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[c^{-1}_N t]$$\end{document}$ generations in the discrete model correspond to a time interval of length *t* in the continuous time limit. The approach of this study was to build on existing Cannings models that converge for fixed population size to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent and just change the population sizes gradually from generation to generation, which includes adjusting parent-offspring allocation between generations. This raises the question whether the used Cannings models and the adjustment of ancestral relationships have biological interpretations and are a reasonable model for at least some real populations.

Interpretation of the Cannings models and allocation schemes used {#Sec4}
-----------------------------------------------------------------

The modified Moran models used to construct a time-changed $\documentclass[12pt]{minimal}
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The other class of Cannings models used to capture skewed offspring distributions, defined via Eq. ([9](#Equ9){ref-type=""}), lead to the specific class of Beta($\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{N_r}$$\end{document}$ offspring) from the fixed-size model with probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{N_r}/N_r$$\end{document}$ (with the constraint that we cannot add more than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{N_r}-1$$\end{document}$ individuals to non-reproducing parents). The merit of this random allocation is that it is trying to maintain the ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{N_r}/N_r$$\end{document}$ from the fixed-size model. As for sampling a smaller number of individuals, this describes that population size increase, e.g. due to more resources available, follows (approximately and on average) the sweepstake pattern of the fixed-*N* model. From a biological viewpoint, other allocation schemes can also be interpreted: Adding the additional offspring completely to the largest family, as done in Matuszewski et al. ([@CR23]), could describe a scenario where new resources become available and only the multiple-offspring parent can claim them for its offspring. In contrast, adding individuals as single offspring of non-reproducing parents from the fixed-size model relaxes the (viability) "selection" pressure of the modified Moran model by allowing more non-multiplying parents (resp. their offspring) to survive, e.g. due to the additional resources. For the models covered in Theorem [3](#FPar8){ref-type="sec"} from Schweinsberg ([@CR31]), population size changes in either direction are modelled by sampling from a pool of more individuals than the current population size, thus additional or decreasing resources affect the offspring of different parents in the same way.

Influence of the choice of Cannings model on the limit {#Sec5}
------------------------------------------------------

Many results in the present paper allow us to scale the time in the discrete models with $\documentclass[12pt]{minimal}
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For families of Cannings models, if the coalescence probability $\documentclass[12pt]{minimal}
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Proofs {#Sec6}
======

This section contains the proof of the presented statements as well as some further remarks.

Converging to a time-changed coalescent: sufficient conditions {#Sec7}
--------------------------------------------------------------

First, recall this special case of Möhle ([@CR25], Thm. 2.2)

### Corollary 4 {#FPar11}
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### Remark 3 {#FPar12}

When compared to the original formulation of Möhle ([@CR25], Thm 2.2), the limit here can be described as a homogeneous Markov chain with rate matrix *Q* instead of the more complicated original description of the transition probabilities as a product integral of matrix-valued measures. This directly follows from the stronger condition ([12](#Equ12){ref-type=""}), where for Möhle ([@CR25], Thm 2.2) to hold only convergence and not linear dependence on *t* is needed. Indeed, if ([12](#Equ12){ref-type=""}) holds, the value $\documentclass[12pt]{minimal}
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Now, recall the conditions ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}). Additionally, consider the following control condition for the fluctuations of $\documentclass[12pt]{minimal}
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Now, we establish an easy-to-verify variant of Möhle ([@CR25], Corollary 2.4).

### Lemma 2 {#FPar13}

Consider a sequence of Cannings models with reference size $\documentclass[12pt]{minimal}
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### Proof {#FPar14}

Size changes of order *N* satisfy the first part of Condition ([11](#Equ11){ref-type=""}). Its second part is then satisfied by ([14](#Equ14){ref-type=""}), which in turn is satisfied due to ([5](#Equ5){ref-type=""}) and ([13](#Equ13){ref-type=""}). Also due to ([14](#Equ14){ref-type=""}), $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar15}

The condition for Eq. ([15](#Equ15){ref-type=""}) to hold is a weak condition, since $\documentclass[12pt]{minimal}
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The next step is to establish a special case of Lemma [2](#FPar13){ref-type="sec"} which only considers modified Moran models with changing population sizes.

### Remark 5 {#FPar16}

Depending on the magnitude of a population size increase, adding individuals as further offspring of the multiplying parent from the fixed-size modified Moran model can strongly increase coalescence probabilities. For instance, for a population expansion of size *Nm*, if one just expands by adding $\documentclass[12pt]{minimal}
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We recall some properties of fixed-*N* modified Moran models.

### Lemma 3 {#FPar17}
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### Proof {#FPar18}

\(i\) from Huillet and Möhle ([@CR15], Lemma 3.2), (ii) from Huillet and Möhle ([@CR15], Theorem 3.3), (iii) from Huillet and Möhle ([@CR15], Eq. 10) $\documentclass[12pt]{minimal}
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### Proposition 2 {#FPar19}
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### Proof {#FPar20}

This is shown by applying Lemma [2](#FPar13){ref-type="sec"}. All conditions but Eq. ([5](#Equ5){ref-type=""}) of it are clearly fulfilled under the assumptions of the proposition currently proven, see also Lemma [3](#FPar17){ref-type="sec"}.
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### Remark 6 {#FPar21}
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### Remark 7 {#FPar24}
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### Proof of Corollary 3 {#FPar25}
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Proofs of convergence to a time-changed coalescent: modified Moran models {#Sec8}
-------------------------------------------------------------------------

The modified Moran models used in Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} were introduced in Huillet and Möhle ([@CR15], Prop. 4), the latter model with a small modification to ensure that there is always a parent with at least two offspring, see also Huillet and Möhle ([@CR15], Example 4.1).

### Proof of Theorem 1 {#FPar26}
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### Proof of Theorem 2 {#FPar29}

In the fixed-*N* case, Eq. ([6](#Equ6){ref-type=""}) implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E((U'_N)_2)(N-1)^{-1}\rightarrow 0$$\end{document}$ necessarily needs that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _N\rightarrow \infty $$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\rightarrow \infty $$\end{document}$. This is equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^1 x^{-2}\varLambda (dx)=\infty $$\end{document}$, see (Pitman [@CR28], Eq. 7). Thus, convergence to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$-*n*-coalescent is shown in (Huillet and Möhle [@CR15], Prop. 3.4). Now, switch to variable population sizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N_r)_{r\in {\mathbb {N}}}$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Nc_N=E((U_N)_2) (N-1)^{-1}\rightarrow 0$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\rightarrow \infty $$\end{document}$, it is enough to add one individual per generation to cover any population growth profile covered by Eq. ([4](#Equ4){ref-type=""}). This can always be done by letting a parent not reproducing in the fixed-size model reproduce (once). To add as further offspring of the multiplying parent, assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E((U_N)_2)\rightarrow \infty $$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\rightarrow \infty $$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{E(U_N)}{E((U_N)_2)}\rightarrow 0$$\end{document}$ as shown in the proof of Theorem [1](#FPar1){ref-type="sec"}. Thus, Proposition [1](#FPar6){ref-type="sec"} provides that at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{N,r}\le c_4E(U_N)$$\end{document}$ for arbitrary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_4>0$$\end{document}$ individuals can be added per generation to the already multiplying parent. This allows for adding up to any fixed number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in {\mathbb {N}}$$\end{document}$ individuals per generation. Additionally, Eq. ([13](#Equ13){ref-type=""}) is satisfied due to Lemma [5](#FPar27){ref-type="sec"}. We can thus apply Proposition [2](#FPar19){ref-type="sec"}, with an arbitrary allocation of additional individuals that yields a modified Moran model. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

*Proof of: if Theorem*[2](#FPar2){ref-type="sec"}*holds, Eq.* ([8](#Equ8){ref-type=""}) *implies Eq.* ([15](#Equ15){ref-type=""}) We just need to show that the condition in Remark [6](#FPar21){ref-type="sec"} is equivalent to Eq. ([8](#Equ8){ref-type=""}). From the proof of Lemma [4](#FPar22){ref-type="sec"} \[the arguments surrounding Eq. ([22](#Equ22){ref-type=""})\] combined with Eq. ([5](#Equ5){ref-type=""}), we see that existence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{N\rightarrow \infty }\sum _{r=0}^{[tc_N^{-1}]}c_{N_r}$$\end{document}$ is equivalent to the existence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}^{-1}(t):=\lim _{N\rightarrow \infty } {\mathcal {G}}_N^{-1}(t)c_N$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

To prove the Corollaries [1](#FPar4){ref-type="sec"} and [2](#FPar5){ref-type="sec"}, we collect some properties of the modified Moran models with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_N=U'_N$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U'_N$$\end{document}$ given by Eq. ([6](#Equ6){ref-type=""}) leading to Beta-(*a*, *b*)-coalescents for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in (0,2]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b>0$$\end{document}$. From Huillet and Möhle ([@CR15], Eq. (10) +  Corollary A.1),$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_N\sim \frac{(2-a)\varGamma (b)}{\varGamma (a+b)}N^{a-2} \text{ for } a<2. \end{aligned}$$\end{document}$$

### Proof of Corollary 1 {#FPar30}
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### Proof of Corollary 2 {#FPar31}
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### Proof of Proposition 1 {#FPar32}
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Proofs of converging to a time-changed coalescent: model from Schweinsberg ([@CR31]) {#Sec9}
------------------------------------------------------------------------------------

### Proof of Lemma 1 {#FPar33}

It suffices to reiterate the proof of Schweinsberg ([@CR31], Lemma 5) briefly. For $\documentclass[12pt]{minimal}
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### Proof of Theorem 3 {#FPar34}
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